We consider the properties of the gauge-invariant two-point correlation functions of the gauge-field strengths for QCD in the presence of a magnetic background field at zero temperature. We discuss the general structure of the correlators in this case and provide the results of an exploratory lattice study for N f = 2 QCD discretized with unimproved staggered fermions. Our analysis provides evidence for the emergence of anisotropies in the non-perturbative part of the correlators and for an increase of the gluon condensate as a function of the external magnetic field.
I. INTRODUCTION
The study of strong interactions in the presence of strong magnetic fields has attracted an increasing interest in the last few years (see, e.g., Ref. [1] ). This is justified by the great phenomenological relevance of the issue: the physics of some compact astrophysical objects, like magnetars [2] , of non-central heavy ion collisions [3] [4] [5] [6] [7] and of the early Universe [8, 9] involve the properties of quarks and gluons in the presence of magnetic backgrounds going from 10 10 Tesla up to 10 16 Tesla (|e|B ∼ 1 GeV 2 ). The study is also interesting from a purely theoretical point of view, since it reveals new non-perturbative features of non-Abelian gauge theories.
One emerging feature is that gluon fields, even if not directly coupled to electromagnetic fields, can be significantly affected by them. This is not unexpected, since effective QED-QCD interactions, induced by quark loop contributions, can be important, because of the nonperturbative nature of the theory [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In particular, a uniform magnetic background is expected to lead to gluon-field anisotropies [10, 11, 16, 22] , which may also have phenomenological implications. This has been confirmed by various lattice QCD studies [27] [28] [29] [30] [31] [32] [33] [34] . In particular, anisotropies have been observed in various pure gauge quantities, like the average plaquettes taken in different planes [30, 31] and the static quark-antiquark potential [35] , with possible effects on the spectra of heavy quark bound states [36] .
In the present study, looking for a more systematic analysis of the non-perturbative vacuum modifications induced by the magnetic field, we consider the gaugeinvariant two-point field-strength correlators (see Ref. [37] for a complete review on this subject), which are defined as D µρ,νσ (x) = g 2 Tr[G µρ (0)S(0, x)G νσ (x)S † (0, x)] , (1) * Electronic address: massimo.delia@unipi.it † Electronic address: enrico.meggiolaro@unipi.it ‡ Electronic address: mesiti@pi.infn.it § Electronic address: fnegro@pi.infn.it where G µρ = T a G a µρ is the field-strength tensor, T a are the SU (3) generators in the fundamental representation, and S(0, x) is the parallel transport from 0 to x along a straight line (Schwinger line), which is needed to make the correlator gauge invariant. Such correlators have been first considered, together with analogous correlators involving fermionic fields, to take into account the nonuniform distributions of the vacuum condensates [38] [39] [40] [41] . Then, they have been widely used to parametrize the non-perturbative properties of the QCD vacuum, especially within the framework of the so-called Stochastic Vacuum Model [42] [43] [44] , since they represent the leading (Gaussian) term in the cumulant expansion. Gluon-field correlators have been also exploited as a tool to explore the response of the QCD vacuum to external magnetic fields [25, 45] , however this has usually been done by considering the unmodified correlators, i.e. computed at zero magnetic field. The question that we approach here is different: how are the zero-temperature correlators themselves modified by the background field?
A first issue to be considered regards the symmetry properties and the associated parametrization of the correlators. In the vacuum and in the absence of external sources, Lorentz symmetry implies a simple form for the two-point functions in Eq. (1), which can be expressed in terms of two independent scalar functions of x 2 , which are usually denoted by D(x 2 ) and D 1 (x 2 ) [42] [43] [44] :
The presence of a uniform external field breaks Lorentz symmetry explicitly, so that such a parametrization is not justified any more, especially in the light of the already observed propagation of symmetry breaking from the electromagnetic to the gluon sector. Therefore in Section II, on the basis of the residual symmetries of the theory, we discuss what is the form the correlators can take in this case.
Then, in Section III, we present an exploratory lattice determination of the gluon-field correlators in a magnetic field which is performed for N f = 2 QCD, discretized by means of unimproved staggered fermions, and exploits cooling as a technique to smooth out ultraviolet fluctuations. Numerical results will be analyzed, within the parametrization proposed in Section II, in order to clarify which properties of the gluon correlators are mostly affected by the presence of the magnetic field. The analysis will then focus on a quantity of phenomenological interest which can be extracted from the gluon correlators, the so-called gluon condensate. Finally, in Section IV, we draw our conclusions.
II. FIELD CORRELATORS IN A CONSTANT MAGNETIC BACKGROUND
As we have already emphasized in the Introduction, the presence of an external field breaks Lorentz symmetry (SO(4) symmetry in the Euclidean space), so that the most general parametrization is more complex than the one reported in Eq. (2). Let us discuss this point in more detail.
The required general symmetry properties for the correlator in Eq. (1) are that it be left unchanged under exchange of the µρ and νσ pairs, and antisymmetric both in the µρ and in the νσ indices, i.e. we can write in general
where:
µρ,νσ , and ii) T
µρ,νσ . A class of tensors satisfying such properties is written as
where A µν and B µν are two rank-2 tensors which are both symmetric (A νµ = A µν , B νµ = B µν ) or both antisymmetric (A νµ = −A µν , B νµ = −B µν ).
In the absence of external background fields, there are only two available rank-2 tensors, which are symmetric and can be constructed in terms of the metric tensor g µν = δ µν and of the four-vector x µ : they are δ µν itself and x µ x ν , so that the most general parametrization reads as in Eq. (2):
where 
. Correspondingly, many more terms appear in the parametrization in Eq. (3), with new rank-4 tensors like
and so on. Moreover, for a magnetic field directed along the z axis, the coefficients f n will depend separately on x 2 + y 2 and on z 2 + t 2 , because of the breaking of the Euclidean SO(4) symmetry. All that makes a numerical analysis based on the more general parametrization (3) of the correlator quite involved and not easily affordable.
On the other hand, in our present investigation on the lattice, we shall consider only correlators of the kind
where the two plaquettes are parallel to each other and the separation x is along one (ξ) of the four basis vectors of the lattice [x = (1, 0, 0, 0),ŷ = (0, 1, 0, 0),ẑ = (0, 0, 1, 0),t = (0, 0, 0, 1)]. These amount, in general, to 24 different correlation functions. Without any additional external field, the symmetries of the system group these 24 correlators into two equivalence classes, usually denoted (as in [46] ) D (when ξ = µ or ξ = ν ) and D ⊥ (when ξ = µ and ξ = ν), with
The dependence of the correlators on the distance d, in the case of zero external field, has been directly determined by numerical simulations on the lattice in [46] [47] [48] [49] [50] :
1 the functions D and D 1 have been parametrized in the form
where the terms ∼ 1/d 4 are of perturbative origin and are necessary to describe the short distance behavior of the correlators, while the exponential terms represent the non-perturbative contributions. In particular, the coefficients A 0 and A 1 can be directly linked to the gluon condensate of the QCD vacuum (see Eq. (20) below), while the correlation length 1/µ, which sets the scale of the spatial variations of the non-perturbative vacuum fluctuations, governs the effect of the condensate on the levels of QQ bound states [38] [39] [40] [41] , and, moreover, it enters the description of various QCD vacuum models [42] [43] [44] . In Refs. [47, 48] , the perturbative-like terms had the form ∼ e −µad /d 4 : in the present work, instead (following what was done also in Ref. [50] ), we have neglected the exponential term e −µad , by fixing µ a = 0, since, in the spirit of the Operator Product Expansion, we will concentrate on the behavior of the correlators at short distances. In terms of the quantities D and D ⊥ defined in Eq. (8), the parametrization (9) reads:
In the presence of a constant and uniform magnetic field B oriented along the z axis, i.e. F xy = 0, the SO(4) Euclidean symmetry breaks into
By virtue of this residual symmetry (which implies two equivalence relations, one between the two transverse directionsx ∼ŷ and another between the two longitudinal [or: "parallel"] directionsẑ ∼t), the 24 correlation functions in Eq. (7) are grouped into 8 equivalence classes, as shown in Table I . It must be noted that we can also (7), can be grouped. The superscripts t, p stand respectively for thex,ŷ (transverse to B) directions and for theẑ,t ("parallel " to B) directions.
group the 8 correlation functions in Table I into 3 "overclasses", by the plaquette indices µ and ν:
In other words, the 24 correlation functions in Eq. (7) can be written, using the parametrization in Eq. (3), as linear combinations of eight linearly independent tensors T (n) , e.g., the two fundamental tensors in Eq. (6) plus six other linearly independent tensors among those listed below Eq. (6), with eight (non-zero) independent functions f n . (For these particular correlators, the contribution from any other possible tensor will be i) simply zero, or ii) a linear combination of the first eight independent tensors.) Now the question is: how should we parametrize the eight independent functions f n , or, equivalently, their eight linear comnbinations which represent the eight functions listed in the first column of Table I ? We shall use for these eight functions the following parametrization (which is a simple generalization of the parametrization (10) used in the B = 0 case):
where the dependence of the various parameters on B is understood and will be discussed in the next section on the basis of the numerical results obtained by lattice simulations of N f = 2 QCD. Similar investigations exploring cases of broken Euclidean SO(4) symmetry, like the finite-temperature case [50] , show that the nonperturbative coefficients A 0 and A 1 are the quantities showing the most significant variation; however, in principle, both the perturbative and the non-perturbative coefficients, as well as the correlation length, might depend on the particular correlator class and on the value of the magnetic field. The only assumption that can and will be made apriori consists in the following constraint:
, meaning that, at d = 0, the nonperturbative part of the correlation functions belonging to the same "over-class", as defined by (12) , have the same value. When B = 0, the non-perturbative coefficients A 0 , A 1 and µ no more depend on he particular correlator class and, moreover, a tt,t = a tp,t = a tp,p = a pp,p ≡ a and a
≡ a ⊥ , so that the eight functions in Eq. (13) reduce to the two functions D and D ⊥ in Eq. (10), with a ≡ a 0 − a 1 and a ⊥ ≡ a 0 + a 1 .
III. NUMERICAL INVESTIGATION AND DISCUSSION
We have considered N f = 2 QCD discretized via unimproved rooted staggered fermions and the standard plaquette action for the pure-gauge sector. The background magnetic field couples to the quark electric charges and its introduction corresponds to a modification of the Dirac operator: in the continuum an appropriate electromagnetic gauge field A µ must be added to the covariant derivative, corresponding to additional U (1) phases entering the elementary parallel transports in the discretized lattice version. For a magnetic field B = Bẑ the functional integral reads
where S G is the gauge plaquette action, q u = 2|e|/3 and q d = −|e|/3 (|e| being the elementary charge) are the quark electric charges, i and j refer to lattice sites and η i,ν are the staggered phases. The Abelian gauge field A y = Bx and A µ = 0 for µ = t, x, z, which is a possible choice leading to B = Bẑ, is discretized on the lattice torus (we assume periodic boundary conditions in the spatial directions) as
with u f i; µ = 1 elsewhere, while periodicity constraints impose to quantize B as follows [52] [53] [54] 
The correlator in Eq. (7) has been discretized through the following lattice observable [46] 
where Ω µν (x) stands for the traceless anti-Hermitian part of the corresponding plaquette. In order to remove ultraviolet fluctuations, following previous studies of the gauge-field correlators, a cooling technique has been used [55, 56] which, acting as a diffusion process, smooths out short-distance fluctuations without touching physics at larger distances: for a correlator at a given distance d, this shows up as an approximate plateau in the dependence of the correlator on the number of cooling steps, whose location defines the value of the correlator. In Fig. 1 , the effect of cooling on the correlation function is shown for one particular explored case: the value of the correlation function is taken at the maximum, and the error is assumed as the independent sum of a statistical error and systematic error due to the uncertainty in the determination of the plateau, estimated as the difference between the value at the maximum and the mean of the two neighbouring points at the plateau. Table I .
We stress that the prescription adopted in the present study is one among other possible definitions of the correlators, which we have chosen consistently with previous lattice studies of the same quantities. It will be surely interesting, in the future, to investigate in more details the issue of the dependence of the correlators on the smoothing procedure. Let us sketch the main open issues. First, one could adopt a different smoothing technique, like the so-called gradient flow [57] : while cooling and the gradient flow have been shown to provide equivalent results for the determination of topological quantities [58, 59] , the situation could be different in the present case. Second, the adopted procedure implies that a different number of cooling steps is taken for different correlators; in particular, as noted in previous literature on the subject (see, e.g., Ref. [48] ), the number of cooling steps at which the maximum is reached increases approximately quadratically with the correlator distance, as expected for a diffusion process. Therefore the adopted definition, consistently with previous studies, is one in which the regulator is scaled proportionally to the explored physical distance. Of course, one could adopt a different definition, in which the regulator (i.e. the number of cooling steps) is kept fixed: correlators at larger distances, for which the maximum is broader and resembles an extended plateau, and which are also the ones most sensitive to non-perturbative effects, do not change dramatically. In the present study, we regard such ambiguities as a possibile systematic effect, related to the very definition of the correlator, which is not included in the reported errors. However, we note that large part of this systematics is expected to cancel when one considers the dependence of the correlators on the magnetic field, which is the main issue considered in the present study. For that reason, a detailed comparison of different smoothing procedures is left to a forthcoming investigation.
Numerical simulations have been performed on a 24 4 lattice by means of the Rational Hybrid Monte- Carlo (RHMC) [60, 61] algorithm implemented on GPU cards [62] , with statistics of O(10 3 ) molecular dynamics (MD) time units for each b (with b ranging from 0 to 27). The bare parameters have been set to β = 5.55 and am = 0.0125, corresponding to a lattice spacing a ≃ 0.125 fm and to a pseudo-Goldstone pion mass m π ≃ 480 MeV [63] . The correlators have been measured on about 100 configurations for each explored value of |e|B, chosen once every 20 molecular dynamics trajectories. The effects of autocorrelation in the data were assessed with a blocking procedure, and appear to be negligible.
A. Results and analysis
To give an example of the dependence of the correlators on the magnetic field, in Figs. 2 results obtained respectively for the parallel and for the perpendicular classes, as a function of the distance, for the particular case |e|B = 1.46 GeV 2 . Correlators are normalized to the values they take at zero external field. The huge error bars on the points at d = 3a in Fig. 3 are due to the fact that, for the perpendicular correlators at that distance, the flat region surrounding the maximum is considerably narrower than for the other distances, and the procedure explained in the previous section to assess the systematic uncertainties takes this into account, yielding a larger error as one would reasonably expect. This happens both at |e|B = 0 and at |e|B = 1.46 GeV 2 , and the resulting effect in the ratios plotted in Fig. 3 is even larger.
For each value of |e|B, we have fitted the correlators with the parametrization (13), including distances in the range 3 d/a 8, thus obtaining an estimate for all parameters. From this first step, it has emerged that the 8 parameters pertaining to the perturbative part of the correlation functions satisfy, within errors, the following equalities:
as it is possible to see from Table (II) ; moreover their dependence on |e|B is negligible. This means that as far as the perturbative part of (13) is concerned, the parameters introduced in the |e|B = 0 case are enough to describe our data. Driven by this evidence, we have performed a best fit on all measured correlation functions for b ≤ 18, assuming the perturbative parameters a ⊥ and a to be independent of |e|B, but without making any further assumption about the |e|B-dependence of the other parameters. From this fit we obtain the satisfactory χ 2 /n dof = 335/322: therefore the parametrization in Eq. (13) together with the assumptions in Eq. (19) are assumed in the following discussion.
In Fig. 4 , the inverse of the correlation lengths are plotted as a function of |e|B. It is not trivial to give an interpretation of the data: they show a modest decrease for most of the correlation lengths, which amounts to about 5 − 10% for the largest values of |e|B. We have also performed a fit setting the 6 correlation lengths in Eq. (13) equal, however in this case we have obtained χ 2 /n dof = 1237/358, which is not satisfactory. We also notice that correlation lengths along the direction per- pendicular to B (empty symbols in Fig. 4 ) tend to be slightly smaller than the corresponding ones along the parallel direction.
We have also varied the fit range to assess the part of systematic error in our results which is related to this choice, exploring the ranges 3 d/a 7, 4 d/a 8 and 4
d/a 9, in addition to 3 d/a 8. The estimates of the perturbative parameters a and a ⊥ show a maximum variation around 10%. The estimates of the correlation lengths have a maximum variation aroud 5%: however, when the ratios to the corresponding values at |e|B = 0 are considered (see Fig. 4 ), the systematic effect is comparable or smaller in size than the statistical error.
Among the various parameters entering Eq. (13), the ones showing the most pronounced variation with |e|B have been the non-perturbative coefficients A 0 and A 1 . That implies a significant dependence on the magnetic field of the gluon condensate, which is discussed in detail in the next section.
B. Gluon condensate
The gluon condensate is defined as
µν,a G a µν G a µν (20) and is related to the correlator in Eq. (1) through an Operator Product Expansion. It encodes the main effect of non-perturbative physics to gluon dynamics and its relevance was first pointed out in Ref. [64] . In the case of |e|B = 0 we can distinguish three contributions, coming from different sets of plaquettes in the sum in Eq. (20) , in a fashion similar to Eq. (12):
For the relation between the gluon-field correlator (1) and G 2 the reader can refer to [48] and references therein; one obtains G 2 from the small distance limit of the nonperturbative contributions to the correlator, hence in practice, following the parametrization in Eq. (13), we obtain:
In Fig. 5 we report the values obtained for G 2 as a function of |e|B, normalized to the value of the condensate obtained for |e|B = 0, where we obtain G 2 = 3.56(5) · 10
GeV 4 , the reported error being just the statistical one. We have also estimated the systematic error due to the choice of the fit range, as discussed in the previous subsection: the effect on the absolute value of G 2 at |e|B = 0 is significant and amounts to 20% of the total value. We are therefore in rough agreement, taking also into account the unphysical mass spectrum of our discretization, with the phenomenological estimates of the gluon condensate [65] , reporting G 2 ≃ 2.4(1.1) · 10 −2 GeV 4 . Instead, when we consider the ratios of condensate to the |e|B = 0 value, which are reported in Fig. 5 , the systematic error turns out to be negligible as compared to the statistical one.
We notice that G 2 grows as a function of |e|B, the increase being of the order of 25% for the largest value of |e|B explored. In the same figure we also report the relative increases in the G tt 2 ,G tp 2 and G pp 2 terms. We see that the tt term is the most affected by the magnetic field, whereas the pp contribution shows a really modest dependence on |e|B. In Fig. 5 , the best fit with a quadratic function
is also plotted. We obtain K = 0.164(7) GeV −4 and χ 2 /n dof = 1.52, excluding the point at |e|B = 1.46 GeV 2 . An increase of the chromomagnetic gluon condensate with |e|B has also been found in [22] , which is in qualitative agreement with the result presented here. A similar behaviour for G 2 has been also predicted making use of QCD sum rules [66] .
IV. CONCLUSIONS
In this study we have explored the effects of a magnetic background field on the gauge-invariant two-point correlators of the gauge-field strength. Electromagnetic fields are coupled directly to quark fields: however, as for other pure-gauge observables, we did expect and we have indeed observed a non-trivial effect which can be interpreted in terms of non-perturbative quark-loop contributions. We have discussed the residual symmetries of the Lorentz group in the presence of a constant and uniform magnetic background, and how it affects the general structure of the correlators. We have then presented the numerical results of an exploratory lattice study performed for N f = 2 QCD discretized via rooted staggered fermions.
Our results can be summarized as follows. We have evidenced a significant effect of the magnetic field on the correlation functions (see Figs. 2 and 3) . The short-distance, perturbative part of the correlators is practically unaffected by the presence of the magnetic background, while significant effects are observed for the non-perturbative part. In particular, one observes a mild effect on the nonperturbative correlation lengths, with a general tendency for a decrease of the correlation lengths as a function of |e|B, which is slightly more visible for correlators in the directions orthogonal to |e|B.
A larger effect, and a more significant anisotropy, is observed for the coefficients of the non-perturbative terms, which can be directly related to the gluon condensate (see Eq. (22)). Due to the explicit Lorentz symmetry breaking caused by the magnetic field, we can distinguish among 3 different contributions to the gluon condensate. An analysis based on Eq. (22) shows that each term has a different behaviour as a function of the magnetic field (see Fig. 5 ). Starting from that, we have observed that the gluon condensate itself increases as a function of B, with the increase being of the order of 20% for |e|B ∼ 1 GeV 2 . Relative differences between the different contributions are of the same order of magnitude, meaning that anisotropies induced by B are significant and comparable to those observed in other pure-gauge quantities (see, e.g., Ref. [35] ). The increase of the gluon condensate provides evidence of the phenomenon known as gluon catalysis, which had been previously observed based on the magnetic-field effects on plaquette expectation values [30, 34, 67] . We notice that the overall effect on the correlators, in particular regarding the changes in the perturbative and non-perturbative parts, is similar to what has been observed in other setups where Lorentz symmetry is explicitly broken by external parameters, like for QCD at finite temperature [50] .
In the future, we plan to repeat the present exploratory study by adopting a discretization of QCD at the physical point, i.e. with quark masses tuned at their phenomenological values, and by extending the investigation to other gauge invariant correlation functions, like those involving quark fields [68] . It will be also interesting to study, within the Stochastic Vacuum Model, which takes the correlators as an input, the effect of the magnetic background field on the static quark-antiquark potential, and in particular on the string tension, in order to obtain an indirect confirmation of the anisotropy of the potential which has been already observed by direct lattice measurements [35] . Finally, as we have already observed in Section III, in this work we have limited ourselves to the smoothing technique (cooling) adopted in previous lattice studies for the measure of the correlators, but one could also adopt the so-called gradient flow [57] as a regulator, and consider a different prescription for fixing the amount of smoothing: we postpone a careful comparison of different smoothing procedures for these particular observables to a forthcoming investigation.
